We show that all 2 ⊗ 4 states with strong positive partial transposes (SPPT) are separable. We also construct a family of 2 ⊗ 5 entangled SPPT states, so the conjecture on the separability of SPPT states are completely settled. In addition, we clarify the relation between the set of all 2 ⊗ d separable states and the set of all 2 ⊗ d SPPT states for the case of d = 3, 4.
with X defined in (1) has SPPT if ρ TA = Y † Y with Y defined in (1) . It is clear that ρ = X † X has SPPT if and only if
We also note that ρ has SPPT if and only if (1 1⊗V ) † ρ(1 1⊗ V ) has SPPT with nonsingular d × d matrix.
First, we consider 2 ⊗ d SPPT state ρ with r(X † 1 X 1 ) = d, where r(X) denotes the rank of X. In this case, X 1 is nonsingular, and so S is normal matrix by the condition (3). Thus we have the spectral decomposition for S
where P i 's are rank one projections with
Then we can write
and we see that
is an unnormalized separable state. Therefore, we can conclude that
is separable since the second matrix in the righthand side is |1 1| ⊗ X † 2 X 2 , where |1 = (0, 1) t . Consequently we have the following.
From the above Proposition, we obtain a sufficient condition for separability of 2 ⊗ d PPT states ρ with r( 0|ρ|0 ) = d. To see this, we observe the condition when such a PPT state is SPPT. Let ρ be a 2 ⊗ d PPT state of the form
From the PPT property of ρ, we see that both C − B † A −1 B and C − BA −1 B † are positive semi-definite matrices (see the Theorem 1.3.3 in Ref. [15] ). So we can find X 2 satisfying the following condition
A is a invertible positive definite matrix. Thus we have
where
. Consequently, we have the following result from the condition (3).
Corollary 2 Let ρ be a 2 ⊗ d PPT state of the form (4). Then ρ is SPPT if and only if the condition
In this case, the PPT state ρ is separable. Now, we consider a 2⊗d SPPT state ρ with r(X † 1 X 1 ) = k < d. Then we may write X 1 = U ΣV * for some d × d unitary matrices U, V and a diagonal matrix Σ of rank k with diagonal entries σ 11 ≥ σ 22 ≥ · · · ≥ σ kk ≥ 0 by the singular value decomposition. Thus ρ in (2) can be written by
where S = U † SU . Now, we write Σ and S as block matrices
where D k and S 11 are k × k matices. Then we have
is separable. We note that the above 2 ⊗ k state is a PPT state, although it may not be SPPT. Therefore, if k ≤ 3 then we see that ρ is separable. In this case, we can conclude that ρ is separable in (5) . Consequently, we have the following. Proposition 3 Let ρ be a 2 ⊗ d SPPT state of the form (2) with r(X † 1 X 1 ) ≤ 3. Then ρ is separable.
To answer the conjecture asked in [10] , we will show the following. (1) and (2):
, and dot(·) denotes zero. We note that the corresponding reduced 2 ⊗ 4 state as in (6) is the PPT entangled state given by Horodecki [9] . Therefore, we conclude that ̺ 0 is an entangled state with strong positive partial tranpose. This completes the proof.
Lastly, for d = 3, 4, we show that the set of all 2 ⊗ d SPPT states is proper subset of the set of all separable 2 ⊗ d states. To see this, we consider a 2 ⊗ 3 state
defined by
Then, we can easily check that four 3 × 3 matrices ρ 11 , ρ Therefore, ̺ 1 is not SPPT by the Corollary 2. Now, we define 2 ⊗ 4 state ρ 2 using the above 2 ⊗ 3 state ρ 1 as follows:
Then it is obvious that ̺ 2 is separable. We can also show that ̺ 2 is not SPPT by the Corollary 2. This completes the proof of claim.
In conclusion, we showed that all 2 ⊗ 4 SPPT states are separable. We also construced a family of 2⊗5 SPPT entangled states using Horodecki's 2 ⊗ 4 PPT entangled states. So the conjecture [10] on the separability of SPPT states is completely settled. We also clarify the relation between the set of all 2 ⊗ d separable states and the set of all 2 ⊗ d SPPT states for the case of d = 3, 4.
